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Exercise sheet 1

Exercise 1 (stalks of presheaves). Let .# be a presheaf of abelian groups on a topological
space X and let x € X be a point. Show that there exists a natural abelian group struction
on .#, such that for any open neighbourhood U of z, the restriction map ¢y, : I'(U, #) —
Fz is a homomorphism of abelian groups

Exercise 2 (morphisms of sheaves). Let .# and ¢4 be two presheaves of abelian groups
on a topological space X and let ¢ : 4 — % be a morphism between presheaves.

(1) Show that the germ ¢, : 4, — %, is a well-defined homomorphism of abelian groups.

(2) Assume furthermore that both .# and ¢ are sheaves. Prove that the kernel ker(yp)
is again a sheaf.

(3) Assume furthermore that both .# and ¢ are sheaves. Prove that ¢ is an isomorphism
if and only if ¢, : 4, — %, is an isomorphism for any point z € X.

Exercise 3 (direct limit). Let .# be a presheaf of abelian groups on a topological space
X. Fix a point z € X.

(1) Recall that a partially ordered set I is said to be a directed set if for each i, j in I,
there exists k such that i < k and j < k. Let 4U(z) be the set of open neighbourhoods
of x. We say that two elements U, V' € i(zx) satisfy U < V if V C U. Prove that
() is a directed set.

(2) Let I be a directed set. Recall that a direct system over the directed set I consists of
a family of abelian groups {G;}icr indexed by I such that for each pair i < j, there
exists a homomorphism p;; : G; — G of abelian groups such that

(a) wi; = Idg, for each i € I, and

(b) pjk © pij = ik for each triple (i, j, k) such that i < j < k.

Show that the set {I'(U, #)}yeyue) with natural restriction maps forms a direct
system.

(3) Let {G;}icr be a direct system over a directed set I. Let C be the direct sum of G;
and let D be the subgroup of C generated by the elements of the the form x; — p;;(z;),
where z; € G; and 7 < j. Then the direct limit liﬂGi of the direct system {G;}ics
is defined as the quotient C'/D. Check that the stalk .%, defined in the course is
exactly the direct limit

lig U, #).
Ueih(x)

Exercise 4 (image of sheaves). In this exercise, we construct an example ¢ : 4 — .# of
morphisms of sheaves such that preim(y) is not sheaf.

(1) Show that preim(y) is a presheaf.
(2) Let X = {2z € C||z| = 1} = S!. For any open subset U C X, we define
I'NU,9) = {s:U — C| s is continuous},
I'U,.Z7)={s:U — C*| s is continuous}.
Prove the ¢ and .% are sheaves on X. (Hint: the group structions on I'(U,.%#) and
['(U,¥) are different!)
(3) For any open subset U C X, we define a map ¢y : I'(U,¥) — I'(U, %) as following:
ou(s) == exp(s),Vs e I'(U,¥9).

Show that ¢ : ¢ — % is a morphism of sheaves.
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(4) Let z € X be a point and let ¢, € .%, be a stalk. Show that there exists an element
Sy € Y, such that p;(s;) = t;. In particular, the morphism ¢ is surjective. (Hint:
one may choose a small open neighbourhood U of x such that ¢(U) is contained in a
single-valued domain of In(z).)
(5) Show that the map I'(X,¥) — I'(X,.#) is not surjective.
This example shows why preim(p) # im(¢) in general: given a section ¢t € I'(U,.%), it may
happen that locally at the neighbourhood of every point x € U, we can find a preimage of
t in 4. However, these local sections of ¢ can NOT be glued to be a section of I'(U,¥).

Exercise 5 (Skyscraper sheaf). Let X be a topological space and let A be an abelian
group. Fix a point z € X. For an open subset U C X, define

A, ifxelU
EE e

(1) Prove that .# is a sheaf.
(2) Find the stalks of .Z.

Exercise 6 (Supports of sections). Let .# be a sheaf on a topological space X. Let U be
an open subset of X and let s € I'(U,.#) be a section of .# over U. The support of s is
defined as
Supp(s) == {z € U|s, # 0}.

(1) Prove that Supp(s) is a closed subset of U.

(2) For s, t € I'(U,.%), we have Supp(s +t) C Supp(s) U Supp(t);

(3) If V C U is an open subset, then Supp(s|y) = Supp(s) NV.

(4) For a morphism ¢ : .% — ¢, we have Supp(pp(s)) C Supp(s).

Exercise 7 (extending a sheaf by zero). Let U be an open subset of a topological space
X, and let % be a sheaf on U. Denote by j : U — X the inclusion. We define ji.% to be
the sheaf on X associated to the presheaf V +— I'(V, %) if V. C U, V + 0 otherwise. We
call j1.% the sheaf obtained by extending % by zero outside U.

(1) Find the stalks of ji.Z.

(2) Compare j.% with the direct image j..%.

(3) Similar to the support of a section defined in Exercise E, we can define the support

of a sheaf ¢4 on a topological space X as

Supp(¥) === {z € X |94, # 0}.

Give an example to show that the support of a sheaf may be NOT a closed subset
of X.



